We present experimental results on the endurance of arches that block the outlet of a two-dimensional silo when subjected to vertical vibration. In a recent paper [C. Lozano et al., Phys. Rev. Lett. 109, 068001 (2012)], it was shown that the arch resistance against vibrations is determined by the maximum angle among those formed between each particle in the bridge and its two neighbors: the larger the maximum angle is, the weaker the bridge. It has also been reported that the breaking time distribution shows a power-law tail with an exponent that depends on the outlet size, the vibration intensity, and the load [I. Zuriguel et al., Sci. Rep. 4, 7324 (2014)]. Here we connect these previous works, demonstrating the importance of the maximum angle in the arch on the exponent of the breaking time distribution. Besides, we find that the acceleration needed to break an arch does not depend on the ramp rate of the applied acceleration, but it does depend on the outlet size above which the arch is formed. We also show that high frequencies of vibration reveal a change in the behavior of the arches that endure very long times. These arches have been identified as a subset with special geometrical features. Therefore, arches that cannot be broken by means of a given external excitation might exist.
I. INTRODUCTION
In recent years, substantial advancements have been achieved in the understanding of the physical mechanisms leading to clogging in the discharge of silos by gravity. It is known that if the outlet orifice is only a few times larger than the particles, the development of arches or domes may obstruct the orifice, completely arresting the flow [1] . Clog development has been shown to be memory independent, in the sense that no correlation is observed among consecutive avalanches [2] or in the initial positions in the silo of the particles that will end up forming the arch [3] . In addition, it has been shown that the clogging probability is constant during the entire duration of the avalanche, a result that is supported by the observation of an exponential decay in the avalanche size distribution [4] [5] [6] [7] . This behavior-which has also been explained by a simple model [8] -seems very robust. Indeed, deviations from it have only been found when anisotropy is introduced in the particles [4] or in the outlet geometry [9, 10] . From the exponential decay of the avalanche size, the average can be calculated and used to investigate whether or not there exists a critical outlet size above which clogging will never occur. This question is still open [4, 5] and, in a recent work, it has been proposed that there is no sharp discontinuity in the clogging behavior as the outlet size is enlarged, but only a strong increase of the relaxation times [11] .
An alternative approach to the avalanche size measurements that may shed light on this problem is the study of the stability of clogging arches. This is usually investigated by supplying an external input of energy to the system, often in the form of a vibration. Despite the practical improvements that a good comprehension of this situation would bring, the number of fundamental works aiming to understand it is still scarce (see, however, Refs. [12] [13] [14] [15] [16] [17] ). From theses studies, it ensues that the flow in vibrated silos becomes intermittent as the orifice size decreases, alternating between flow and arrest intervals. The transition from flowing to arrested is controlled by the clogging (or arch formation) process, whereas the passing from arrested to flowing involves the unclogging (or arch destruction) process. Some results indicate that for low enough vibration amplitudes, the clogging process is not affected by the external excitation [13] , which instead promotes arch destruction. A similar behavior was reported in [14] where, in addition, it was shown that the statistical distribution of breaking times (i.e., the time it takes to break an arch or, alternatively, the duration of the clog) exhibits a power-law tail. This result is still not well understood, even though it could be related to aging or creeping motion [18] . Regardless of its physical origin, the power-law distribution has a major consequence, as in some cases (small outlet size and low vibration intensity) its exponent may fall below two, and hence the first moment would not converge. Therefore, the average clog duration grows unboundedly with the reservoir size and measuring time, so the mean flow rate tends to zero, and the system is said to be in a clogged state (even though some grains may occasionally come out, they are statistically insignificant in the long term average) [16] .
In that work, we showed that the behavior observed in granular materials flowing through a bottleneck can also be found in other systems, such as a model of pedestrians, a herd of sheep [19] , and colloidal suspensions. In all cases, it was reported that the avalanche (or burst) size distribution decays exponentially, whereas the unclogging time displays a power-law tail t −α whose exponent strongly depends on the system condition. This allowed us to sketch a state diagram for the flow with two states: a clogged one when α 2 and an unclogged one when α > 2. Three generic state variables were identified: (i) a length scale, (ii) the incompatible load, and (iii) the compatible load; the meaning of the latter two issues from the proposal by Cates et al. [20] . For the case of a silo, the specific variables would be (i) the aspect ratio between the outlet and the particle size, (ii) the intensity of the external excitation (which can be local or global), and (iii) the forces supported by the clogging structure.
In a related work, it was proved that the resistance of the clogging arch against vibrations is strongly determined by its morphology. In particular, it was found that the particle in the arch with the maximum associated angle φ max was, in most cases, the weakest position where it breaks [15] . This behavior was enhanced for arches with φ max > 180
• , i.e., a configuration called a defect, where a particle is gripped above its equator and hangs from its two neighbors. To endorse this idea, a simple model was proposed considering the forces acting on the defects, which was able to reproduce the experimentally found relationship between the maximum angle in the structure and the force needed to break it.
In this paper, we extend and connect the aforementioned works [15, 16] . First, we will describe in detail the experimental setup. In the next section, we will characterize the observed arches, paying special attention to the defects. In another section, we will present the results regarding the acceleration at which arches collapse. We have investigated the effect of the vibration frequency, the outlet size, and the rate at which the acceleration is increased. The subsequent section is devoted to the study of the time that it takes for an arch to collapse when submitted to a constant acceleration. It will be shown that the maximum angle of the arch also determines its endurance in this scenario. In the last section, we will summarize our conclusions.
II. EXPERIMENTAL PROCEDURE
The experiments are performed using a two-dimensional silo placed on top of a shaker, as sketched in Fig. 1(a) . The silo is made of two transparent polycarbonate panels (390 mm high × 80 mm wide) coated with indium tin oxide (ITO) in order to prevent electrostatic charging. A thin frame, made of 1.2-mm-thick steel strips, is sandwiched between the two sheets. These metal strips constitute the side walls, so the distance between them defines the width of the reservoir (60 mm). At the equator of the structure, two opposite metal flanges divide the silo into two equal containers (180 mm high and 60 mm wide). The flanges leave between their inner edges an opening of size R that can be changed at will [see inset of Fig. 1(a) ]. The particles are monodisperse brass beads of diameter d = 1.00 ± 0.01 mm. As the gap between the two plates is 1.2 mm, the particles can only arrange themselves in a monolayer. Note that although this cannot be strictly considered a two-dimensional disposition, the results obtained are not expected to be significantly different from such an ideal scenario [15] . An examination of the grain surface with an electron microscope revealed roughness in features with a size of a few microns or smaller.
The silo is placed on top of a TiraVib 52100 electromagnetic shaker capable of delivering a sinusoidal vertical acceleration of up to 10 g with a residual transversal noise below 15% of the vertical value. The shaker is commanded by a Stanford Research System DS345 function generator. The vibration is characterized by a measurement carried out with an accelerometer attached to the silo, whose signal is picked up by a HP54510 digitizing oscilloscope. A motor permits the silo to rotate automatically 180
• around the horizontal axis (the vertical position is established by using a proximity sensor located at the bottom of the silo to stop the motor). Additionally, a CCD camera takes a picture of the region of interest, just above the orifice, every 45 ms.
In order to collect a sizable amount of data, the entire measurement procedure is fully automated using a customized software written in LABVIEW. At the beginning of the measurement cycle, all of the beads are in the lower container of the silo. Then, the silo rotates half a turn and the particles start to flow from the upper container through the orifice until an arch blocks it, arresting the discharge. We detect the instant when the flow halts by comparing two successive frames obtained by the camera. To quantify the change between two snapshots, an image analysis is carried out to measure the absolute value of the difference. The threshold is established when this difference is 30% (if the grains are moving, the images are blurry and changing; in contrast, when the arch is formed, the pictures are sharp and unaltered). Then a snapshot of the region near the orifice, including the arch, is taken and stored in the computer [see Fig. 1(b) ]. At this point, the shaker is switched on, producing a sinusoidal oscillation whose intensity is quantified by means of the adimensional acceleration ,
where A is the amplitude, f is the frequency, and g is the gravity acceleration. The breaking of the arch is again detected by comparing successive frames obtained by the camera. The breaking time measured in this way is stored in the computer together with the vibration parameters at which the arch collapses. Finally, the shaker produces a strong vibration to empty the upper container and the device is ready to restart the measurement cycle.
As the statistical analysis requires sets of arches developed under the same conditions, we have only considered those formed when the head of the grains above the orifice is higher than 90 mm (1.5 times the width of the silo). We estimate the head of grains from the time that the orifice has been flowing. We assume that in this case, Janssen saturation is achieved (see, for instance, [21] ). We have recorded between 1000 and 7000 of such arches for each run.
To determine the stability of the arches, we implement two different experimental procedures. (i) When measuring the acceleration at which the arches collapse, we set a fixed frequency f and the amplitude of the vibration A is linearly increased with time (starting from zero) till the arch breaks down. In these conditions, the ramp rate chosen to increase the acceleration ( / t) is a meaningful parameter that must be controlled. (ii) In order to measure the time that an arch resists against the external perturbation, the shaker supplies a vibration with a constant acceleration . As the time measurement is obtained by comparing successive camera snapshots, the breaking time has a resolution of 45 ms. Note that just 5 ms are attributable to computation, whereas 40 ms are due to the image acquisition rate. We have set beforehand an upper limit for the breaking time, t max , of 1200 s. If an arch has not been broken after this time, the event is logged and the measurement protocol restarts.
III. ARCH SHAPE
First of all, we will consider the morphology of the clogging arches. They are defined as a set of mutually stabilized particles that span the whole width of the orifice and withstand the weight above them [22, 23] . According to this definition, the mere removal of any particle in the arch would lead to the destabilization of the entire structure. Experimentally, we performed an image analysis of the arch pictures to accurately extract the position of the particles. From these positions, we identify the particles belonging to the clogging arch with the same protocol used in previous works [15, 24, 25] . In summary, we take into account the first line of beads that are just above the outlet. The grains touching the base of the silo are not considered part of the bridge as, in principle, they are stable by themselves [ Fig. 1(b) ]. An exception to this occurs when a particle at the end of an arch is ensnared at the wedge, so that its center lies inside the orifice opening. In this case, the particle is considered to be part of the arch because it would fall if any other of its particles is removed, thus fulfilling the aforementioned criterion.
It is known that clogging arches tend to exhibit a semicircular shape [1] , a result nonetheless compatible with the existence of a rather high amount of local irregularities [24] . In particular, it was reported that the number of defects-particles that form an angle with their neighbors φ > 180
• -is about 17% in clogging arches obtained with stainless steel beads. The formation of defects was linked to frictional forces. Hidalgo et al. corroborated, using numerical simulations, that high values of the friction coefficient enable the formation of arches with larger φ [25] . These are associated with large values of tangential forces in the defects, where normal forces were surprisingly low. In our experiments, we checked that the percentage of defects within the arch is also about 17%, even though the material used (brass) is different from [24] .
We studied whether there is a preferred position for the defects along the arch; this is an issue that was not analyzed in preceding works and might have meaningful consequences. For a given orifice size, R = 4.50 mm, we have calculated the frequency map of the position of the particles belonging to all the recorded arches that blocked the orifice, which is about 7500 [ Fig. 2(a) ]. The darker areas correspond to places where the probability to find a grain belonging to an arch is higher. We also calculated the normalized histogram of defects, i.e., particles that form an angle with their neighbors φ > 180 Fig. 2(b) ]. It can be seen that the picture is roughly similar, but if we compute the probability of finding a defect (number of defects divided by the number of beads belonging to an arch at a given place), we have found that it is not evenly distributed [ Fig. 2(c) ]. Defects are more likely at the lower zones of the distribution as, by definition, they are slightly downwards compared to the other beads in the arch. If the number of beads in a cell is less than 10, the value obtained is refused due to the small number of events; in this case, the box is left white and marked with a gray dot. Horizontal lines are drawn as a guide for the eye at 1 and 2 mm height. The maps cover a region of 7 × 3 mm (the horizontal axis is centered at the orifice; the vertical axis starts at the silo base; ticks are spaced 1 mm and two bigger ticks mark the borders of the orifice). 
IV. BREAKING ACCELERATION
In this section, we report the results concerning the acceleration needed to break the arches. As explained above, in each run of experiments we set the frequency and increase the vibration amplitude at a constant rate until the arch collapses. The number of realizations we perform for each set of parameters (R, f , and amplitude ramp rate) is at least 1000. In Fig. 3(a) , we represent the probability density function of obtained for R = 4.00 mm, f = 1000 Hz, and a ramp rate of 0.09 g/s. Albeit noisy, an exponential decay is evidenced and, therefore, the average dimensionless acceleration can be used as a characteristic parameter of the distribution. Hence, the distributions obtained under different conditions can be collapsed into a single curve just by rescaling with . This is shown in Fig. 3(b) for the outcomes obtained with an assortment of frequencies. The only noticeable difference between distributions is , which lies in the range 0.35 < < 1.80 (see Table I ). The relatively small variation of with f implies that the amplitude at which the arches break, on the contrary, must be strongly dependent on the frequency. This is manifested in Fig. 4 (note the logarithmic scale). The dashed line represents the relationship A ∝ f −2 , which would hold if did not depend on f . (This line has been drawn for the mean value of averaged over all the frequencies.) It follows that is the best variable to quantify the stability of the arches, while A is not a sound descriptor due to its strong dependence on frequency. For this reason, in the rest of this section, will be used to quantify the effect of different parameters in the silo unclogging process. A fixed frequency is used in our tests; the effect of varying the frequency, which-as arguedis probably much smaller, is left for future works.
We have checked that within a certain range, the ramp rate at which the acceleration is increased has a negligible effect on the acceleration needed to break the arches. To this end, we have carried out several runs with different amplitude ramps (at constant rates of 0.045, 0.09, and 0.18 g/s) for a fixed frequency f = 1000 Hz and orifice size R = 4.45 mm. As evidenced by the outcomes shown in Table II , is independent of the ramp rate, at least in the range explored. Of course, much slower or faster ramp rates might lead to a big change in the values of if the dynamics of the phenomenon is modified; for instance, if the breaking probability changes with time (this issue will be considered in the next section).
A deeper insight into the effect of the ramp rate on the acceleration needed to break an arch can be gained by plotting versus the maximum angle in the arch (φ max ) for different ramp rates, as shown in Fig. 5 . It was previously reported that the larger the maximum angle is, the weaker the arch. This behavior is particularly marked for φ max > 180
• . In accordance with the average values presented in Table II , the ramp rate is shown to cause no significant effect on the dependence between and φ max . Let us now investigate the stability of arches developed for different orifice sizes R. As expected, the larger the outlet is, the weaker the arches [ Fig. 6(a) ]. In principle, this effect could be attributed to the increasing size of the arches that is needed in order to provoke clogs with larger outlet sizes. The number of particles in clogging arches increases with R, and as a consequence the probability of finding larger values of φ in the arch is higher [15] . Then, in order to unveil any direct effect of the outlet size on the arch stability, one should compare arches with the same maximum angle. This is done in Fig. 6(b) where we plot as a function of φ max for four different R. In all of the cases, decreases as φ max grows, demonstrating the major dependence of the arch stability on the defects. But it can also be observed that the series for smaller R are systematically a little above the ones obtained for larger R. This behavior is corroborated by the chart displayed in Fig. 6(c) . In this graph, values of for sets of arches defined by narrow intervals of φ max are plotted versus R. Clearly, there is a residual dependence of on R which cannot be attributed to the different probability of finding larger φ max in the arch (as revealed when considering arches with the same φ max for different R). We cannot presently provide an explanation for this effect.
FIG. 5. (Color online)
The mean acceleration at which arches break, as a function of the maximum angle in the arch φ max , for f = 1000 Hz and R = 4.00 mm, and different ramp rates, as indicated in the legend.
V. BREAKING TIME
In this section, we report the measurements of the time that it takes to break an arch when all of the experimental parameters (i.e., R, , and f ) are kept constant. As previously reported [14] , the statistical distribution of breaking times t b suggests the existence of a power-law tail t −α b because its probability distribution function (PDF) displays approximately a straight line when plotted in logarithmic scale [ Fig. 7(a) ]. This is confirmed by representing the complementary cumulative distribution function (also called the survival or reliability function), which can be understood as the probability of finding an arch which endures the vibration for a time T longer than t b [ Fig. 7(b) ]. Note that the slope of the complementary cumulative distribution function is α + 1. The fittings performed to obtain the exponent of the power-law tail (α) are carried out with the Clauset-Shalizi-Newman method [26] , which provides the value of α and the lower limit for the breaking time t b(min) from which the fit is valid, along with an estimation of the goodness of the fit (a p-value). In Fig. 7(c) , such survival distributions are plotted along with the fitting curves for several outlet sizes. As expected, increasing R leads to a corresponding increase of α [ Fig. 7(d) ], as the probability of finding very large values of t b becomes smaller. Interestingly, for the experimental conditions of Fig. 7(c) , a transition is observed from distributions where the first moment converges (α > 2) to distributions where the first moment does not converge (α 2), a general scenario recently described [16] . In the latter case, the average increases unboundedly with the number of measurements (or maximum measuring time) as it is dominated by a few extreme events (meaning very large occurrences found at the end of the tail).
With the aim of shedding light on the nature of the arches that lead to such long breaking times, we have focused on one of the distributions whose first moment does not converge (R = 4.50 mm). For this instance, we recorded the rupture of more than 7000 bridges. We have grouped the data in several intervals according to the maximum angle in the arch, and we have plotted the complementary cumulative distributions of t b for each group. Although the quality of the fits for some of the categories becomes poorer, due to the smaller number of events in the subsets, the outcomes shown in Fig. 8(a) reveal a strong dependence of α on φ max : the larger φ max , the higher α is [ Fig. 8(b) ]. As a result, arches with more important defects are weaker in terms of the time that they resist against a vibration. This matches the result reported in the previous section that inversely related the strength of the arch (quantified by the acceleration at which it breaks) to φ max . Remarkably, among all of the distributions of breaking times [ Fig. 8(a) ], only the one corresponding to arches with φ max ∈ [172
• ,176
• ] has a nonconvergent first moment. This indicates that the nonconvergence is linked to the influence of very regular arches, which are more likely to endure the external perturbation for longer times. Irregular arches, on the other hand, always lead to distributions whose first moment t b converges. If this mean is plotted as a function of the maximum angle in the arch [ Fig. 8(c) ], a sudden increase of t b is observed as φ max decreases, revealing the major role of this variable in the stability of arches. In this graph, the vertical dashed line indicates the value of φ max for which the first moment of the distribution does not converge (and therefore the average cannot be rigourously calculated).
Finally, let us focus on a salient feature that, in some circumstances, is apparent in the survival distribution. For instance, in Fig. 7(c) , it can be noticed that the results obtained for small R (which at the same time have smaller exponent) deviate towards higher values of P (T t b ) than the power-law fits. This occurs for large values of t b (in this particular case, for arches that resist more that around 100 seconds). This departure from t −α b suggests that other mechanisms might be at play. In order to check the robustness of this behavior, we have performed experiments at a higher frequency (f = 1000 Hz instead of 100 Hz), with correspondingly smaller amplitudes for a given acceleration . The outcomes (displayed in Fig. 9 ) reveal even stronger deviations from the power-law distributions, which start at about 10 seconds. Indeed, for the smallest value of R, the curve becomes almost flat after t b ≈ 100 sec, implying that the arches that have not been destroyed after 100 seconds will probably survive more than 1000 seconds (of course, just a small fraction of arches will be so robust: about 1 in 100 for R = 4.20 mm). This behavior supports the statement that for some conditions of the external perturbation, there can exist some arches that will last forever (in the sense described above). In other words, for some parameters of the external vibration, it is not warranted that the flow will be eventually restored in a finite amount of time.
VI. CONCLUSIONS
We have analyzed the procedure to unclog a silo by applying an external perturbation in the form of a vertical vibration. The viewpoint we have taken to do it is to consider the individual arches that block the exit. We have studied their shape, taking cues from a previous work where we proved that geometrical defects are the most salient features that compromise the endurance of these structures against an external perturbation [15] . The defects-which are quite evenly distributed along the arches-are suitably quantified through the maximum angle φ max . We have first considered the vibration intensity at which the arches break down when a linearly increasing acceleration (a ramp) is applied. In this respect, we have extended previous research and showed that the ramp rate has a negligible effect on the average value needed to break arches. In addition, we evidenced that the outlet size does have a residual influence on the acceleration at which arches collapse; and this is beyond the fact that the bigger the orifice, the more likely it is to find a defect in the arch that clogs it.
We have produced results along a different line by measuring the time it takes to break an arch under a constant vertical vibration. The importance of φ max on the arch endurance in this case has also been proved. We find that arches with large maximum angles collapse more quickly than those whose maximum angle is smaller, as one could have expected. More importantly, the distributions of the breaking times reveal power-law tails in which the first moment may not converge, depending on the conditions. Thus, large outlet sizes lead to breaking time distributions with a well-defined average, whereas small outlet sizes give rise to an ill-defined breaking time average. Of course, the mean value of a finite sample can always be calculated, but the figure will depend on the size sample (measuring time or number of experiments). This is so because the events at the far end of the tail contribute disproportionately to the average. We have progressed further and identified a relationship between arch shape and the existence of fat tails, which has been associated with regular arches where geometrical imperfections are very small. By taking a large statistical distribution (for a given outlet size) and splitting the whole sample of arches into several subsets chosen after their maximum angle, one realizes that the breaking time distributions for arches with large φ max have a well-defined average, whereas arches with smaller φ max have an ill-defined breaking time average. From this, it can be concluded that a subset of very regular arches, which are difficult to break up, provokes in some instances the transition to a clogged state where the average flow vanishes in the long term.
